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1. Introduction
Let A be a ﬁnite group acting on a ﬁnite group G and assume that (|A|, |G|) = 1. Recall that
the centralizer CG(A) of A, or the ﬁxed point subgroup, is deﬁned by CG (A) = {x ∈ G; xa = x for all
a ∈ A}. It is well known that the structure of the centralizer CG(A) has strong inﬂuence over the
structure of G . A nice example for this is provided by the theorem that if G admits a ﬁxed-point-free
automorphism of prime order, then G is nilpotent (Thompson [19]) and the nilpotency class of G is
bounded by a constant depending only on the order of the automorphism (Higman [7]). In the present
paper we consider the situation where A is an elementary abelian q-group and q a prime. In what
follows the symbol A# stands for the set of all non-trivial elements of the group A.
We will mention some known results. It was shown in [15] that if A is an elementary abelian
q-group of order q3 acting on a ﬁnite q′-group G in such a manner that CG(a) is nilpotent of class at
most c for any a ∈ A#, then G is nilpotent and the nilpotency class is bounded by a number depending
only on q and c. If A has order q4 and CG(a)′ is nilpotent of class at most c for any a ∈ A#, then G ′
is nilpotent and the nilpotency class is bounded by a constant depending only on q and c. One can
show that the results are no longer true if A is allowed to be of order q2 (respectively q3). On the
* Corresponding author.
E-mail addresses: alinef@mat.unb.br (A. de Souza Lima), pavel@mat.unb.br (P. Shumyatsky).
1 Supported by the CNPq-Brazil.
2 Supported by CNPq and FINATEC.0021-8693/$ – see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2009.01.010
246 A. de Souza Lima, P. Shumyatsky / Journal of Algebra 322 (2009) 245–253other hand, a theorem in [16] says that if A is of order q2 and 〈CG (a),CG(b)〉 is nilpotent of class at
most c for any a,b ∈ A#, then G is nilpotent and the class of G is bounded by a constant depending
only on q and c.
Khukhro and Shumyatsky showed in [8] that if A is an elementary abelian q-group of order q2
acting on a ﬁnite q′-group G such that the exponent of CG(a) divides a positive integer e for each
a ∈ A#, then the exponent of G is bounded in terms of e and q only. Later Guralnick and Shumyatsky
proved in [5] that if A has order q3 and the exponent of the derived group CG(a)′ divides e for each
a ∈ A#, then the exponent of G ′ is bounded in terms of e and q only.
In the present paper we deal with the property to satisfy a positive law of given degree. Let F
denote the free group on X = {x1, x2, . . .}. A positive word in X is any non-trivial element of F not
involving the inverses of the xi . A positive law of a group G is a non-trivial identity of the form u ≡ v ,
where u, v are positive words, holding under every substitution X → G . The maximum of lengths of
u and v is called the degree of the law u ≡ v . By a result of Malcev [11] a group that is an extension
of a nilpotent group by a group of ﬁnite exponent satisﬁes a positive law. More precisely, Malcev has
discovered a positive law Mc(x, y) of 2 variables and degree 2c that holds in any nilpotent group of
class c. Therefore, if G is an extension of a nilpotent group of class c by a group of exponent e, then
G satisﬁes the positive law Mc(xe, ye). The explicit form of the Malcev law will not be required in
this paper. Olshansky and Storozhev proved in [12] that not every group satisfying a positive law is
an extension of a nilpotent group by a group of ﬁnite exponent. In contrast with this negative result
Burns, Macedonska and Medvedev showed in [2] that in a large class of groups including all soluble
and residually ﬁnite groups every group satisfying a positive law is an extension of a nilpotent group
by a group of ﬁnite exponent. In particular they showed that there exist functions c(n) and e(n) such
that every ﬁnite group satisfying a positive law of degree n is an extension of a nilpotent group of
class at most c(n) by a group of exponent dividing e(n).
A theorem obtained in [17] says that if A is an elementary abelian q-group of order q3 acting on a
ﬁnite q′-group G in such a manner that CG(a) satisﬁes a positive law of degree n for any a ∈ A#, then
the entire group G satisﬁes a positive law of degree bounded by a function of n and q only. Later it
was shown in [18] that if A has order q4 and CG(a)′ satisﬁes a positive law of degree n for every
a ∈ A#, then G ′ satisﬁes a positive law of degree bounded by a function of n and q only. Our goal in
the present paper is to give a proof of the following theorem.
Theorem 1.1. Let A be an elementary abelian q-group of order q2 acting on a ﬁnite q′-group G in such a
way that the subgroup 〈CG (a),CG(b)〉 satisﬁes a positive law of degree n for any a,b ∈ A# . Then the group G
satisﬁes a positive law of degree bounded by a function of q and n only.
The proof of the theorem depends on the classiﬁcation of ﬁnite simple groups.
2. Preliminaries
Throughout the article we use the term “{a,b, c, . . .}-bounded” to mean “bounded from above by
some function depending only on the parameters a,b, c, . . . .”
The ﬁrst two lemmas are well-known (see for example [4, 5.3.16, 6.2.2, 6.2.4]).
Lemma 2.1. Let A be a group of automorphisms of a ﬁnite group G with (|A|, |G|) = 1.
(1) If N is an A-invariant normal subgroup of G, we have
CG/N (A) = CG(A)N/N;
(2) If H is an A-invariant p-subgroup of G, then H is contained in an A-invariant Sylow p-subgroup of G;
(3) If P is an A-invariant Sylow p-subgroup of G, then CP (A) is a Sylow p-subgroup of CG(A).
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der q2 . Let A1, . . . , Aq+1 be the maximal subgroups of A. If H is an A-invariant subgroup of G we have
H = 〈CH (A1), . . . ,CH (Aq+1)〉. Furthermore, if H is nilpotent, then H =∏i CH (Ai).
The following lemma will be helpful later on. The proof can be found in [17].
Lemma 2.3. Let q be a prime, G a ﬁnite q′-group acted on by an elementary abelian q-group A of order q2 . Let
A1, . . . , Aq+1 be the maximal subgroups of A. Let m be the maximum of orders of CG(Ai). Then the order of G
is {m,q}-bounded.
Lemma 2.4. Let G be a group having a normal nilpotent subgroup N of class c and of ﬁnite index. Suppose that
G has a normal subgroup H such that [G : N] = [H : H ∩ N]. Then G/H is nilpotent of class at most c.
Proof. It is clear that G = HN and the result follows. 
Let G be a group. In what follows F (G) denotes the Fitting subgroup of G and E(G) the product of
quasisimple subnormal subgroups of G . Recall that a group H is quasisimple if it is a perfect central
extension of a product of simple groups. In the case where F (G) = 1, the subgroup E(G) is just the
socle of G , that is, the direct product of minimal normal subgroups of G . An important property is
that [F (G), E(G)] = 1 in any ﬁnite group G [3, 10.1]. The next lemma is taken from [17].
Lemma 2.5. Let A be a non-cyclic q-group of order q2 acting on a ﬁnite q′-group N which is a direct product
of non-abelian simple groups. Then N = 〈E(CN (a)); a ∈ A#〉.
Let q be a prime and e a positive integer. Let A be an elementary abelian q-group of order q2
acting on a ﬁnite q′-group G . Suppose that for any a,b ∈ A# the subgroup 〈CG(a),CG (b)〉 has a normal
nilpotent subgroup, say Nab , of class at most c such that the quotient 〈CG (a),CG (b)〉/Nab has exponent
e. For given a ∈ A#, set Na = (⋂b∈A# Nab)∩ CG(a). We note that Na is nilpotent of class at most c and
the quotient CG (a)/Na has exponent dividing e. Furthermore, we observe that Na ⊆ F (〈Na,CG (b)〉) for
any b ∈ A#.
Lemma 2.6. Under the above hypothesis Na  F (G).
Proof. Let x be an arbitrary element of Na . Then for any b ∈ A# we have x ∈ F (〈Na,CG(b)〉). Let us
show that x ∈ F (G). Let G be a counterexample of minimal order. Suppose ﬁrst that G is soluble. Then
x ∈ F2(G) where F2(G)/F (G) = F (G/F (G)). Set F = F (G). Since F (G/Φ(G)) = F/Φ(G) ([4], p. 219),
we can suppose that F is abelian. By Lemma 2.2, F =∏b∈A# CF (b). Since x ∈ F (〈Na,CG(b)〉) for any
b ∈ A#, there exists a positive integer n such that [CF (b), x, . . . , x︸ ︷︷ ︸
n
] = 1 for any b ∈ A#. It follows that
[F , x, . . . , x︸ ︷︷ ︸
n
] = 1. Hence, 〈x, F (G)〉 is a nilpotent subnormal subgroup of G . Therefore x ∈ F , a contra-
diction. As x is arbitrary in Na , the result follows.
Now we will consider the case where G is not soluble. Let M be a minimal A-invariant nor-
mal subgroup of G . By induction we assume that MNa/M  F (G/M). If F (G) = 1, we can assume
M  F (G). Then MNa is a soluble group satisfying the hypothesis of the lemma and, since the lemma
is true for soluble groups, we conclude that Na  F (MNa), which gives us a contradiction. So we can
assume that F (G) = 1 and M is a direct product of non-abelian simple groups. Considering the sub-
group M〈xA〉, we notice that the subgroup satisﬁes the hypothesis of the lemma, whence it follows
by the induction hypothesis that G = M〈xA〉. Since x ∈ F (〈Na,CG(b)〉) for any b ∈ A#, it follows that x
centralizes E(CG (b)) for any b ∈ A#. In view of Lemma 2.5 we conclude that x ∈ Z(G), a contradiction
since Z(G) ⊆ F (G) = 1. 
We now require the following theorem obtained in [8].
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acting on a ﬁnite q′-group G. Assume that the exponent of CG (a) divides e for any a ∈ A# . Then the exponent
of G is {e,q}-bounded.
The next lemma will be deduced by combining Lemma 2.6 and Theorem 2.7.
Lemma 2.8. Let q be a prime and e a positive integer. Let G be a ﬁnite q′-group acted on by an el-
ementary abelian q-group A of order q2 . Assume that for any a,b ∈ A# the exponent of the quotient
〈CG (a),CG (b)〉/F (〈CG (a),CG(b)〉) divides e. Then the exponent of the quotient G/F (G) is {e,q}-bounded.
Proof. Let Na be as in Lemma 2.6. Then Na  F (G) and CG(a)/Na has a {e,q}-bounded exponent. So,
the image of CG(a) in G/F (G) has a {e,q}-bounded exponent for any a ∈ A#. By Theorem 2.7 the
quotient G/F (G) has {e,q}-bounded exponent, as required. 
Lemma 2.9. Let A be an elementary abelian q-group of order q2 acting on a ﬁnite q′-group G that is soluble
with derived length d. Assume that 〈CG (a),CG (b)〉 has a nilpotent subgroup of class at most c and index at
most k for any a,b ∈ A# . Then G has a characteristic nilpotent subgroup whose class and index are both
bounded in terms of q, c,d and k alone.
Proof. Without any loss of generality we can assume that for any a,b ∈ A# the subgroup
〈CG (a),CG (b)〉 has a characteristic nilpotent subgroup of class at most c and index at most k. Let
A1, A2, . . . , Aq+1 be the maximal subgroups of A and set Gi = CG(Ai), for i = 1, . . . ,q + 1. Choose
a ∈ A#. For any b ∈ A# let Nab denote some characteristic nilpotent subgroup of class at most c and
index at most k in 〈CG(a),CG (b)〉. Set Na = (⋂b∈A# Nab) ∩ CG(a). We can assume without loss of
generality that a ∈ A1. Then the index of Na in G1 is {q,k}-bounded. We have an important property
of the subgroup Na: if M is any A-invariant normal abelian subgroup of G , then MNa is nilpotent
of class at most c + 1. Indeed, by Lemma 2.2 M =∏M j , where M j = G j ∩ M . Therefore to show
that MNa is nilpotent of class at most c + 1 it is suﬃcient to prove that so is 〈M j,Na〉 for any
j = 1, . . . ,q+ 1. It remains to note that Na is contained in a characteristic nilpotent subgroup of class
at most c of 〈CG (a),CG(b)〉 while M j is contained in a normal abelian subgroup of 〈CG(a),CG (b)〉. It
follows that 〈M j,Na〉 is nilpotent of class at most c + 1, as required.
Now suppose H is an A-invariant normal subgroup of G , that is nilpotent of class u. Then HNa is
nilpotent of class at most c u(u+1)2 + u. Indeed, we know from the previous paragraph that HNa/H ′ is
of class at most c + 1. Therefore by Hall’s theorem [6], HNa is nilpotent of class at most c u(u+1)2 + u.
We are now in a position to complete the proof of the lemma using induction on d. Assume by
induction that G ′ has a characteristic nilpotent subgroup with the required properties. Now set L0 =
G ′ and L j = L j−1G j for j = 1, . . . ,q + 1. By Lemma 2.2, Lq+1 = G . We will now use induction on j to
show that L j has a characteristic nilpotent subgroup with the required properties for all j. Assume
that this is true for L j−1 and let Q be a characteristic nilpotent subgroup of L j−1 whose class u and
index t are both bounded in terms of q, c, d and k alone. Consider the subgroup Q Na of L j . We can
easily check that the index of Q Na in L j is at most kt and we have seen above that Q Na is nilpotent
of {c,u}-bounded class. Thus the characteristic closure of Q Na in L j is a characteristic subgroup with
the required properties. The proof is complete. 
The following theorem was obtained in [16].
Theorem 2.10. Let A be an elementary abelian q-group of order q2 acting on a ﬁnite q′-group G. Assume
that 〈CG(a),CG (b)〉 is nilpotent of class at most c for any a,b ∈ A# . Then G is nilpotent and the class of G is
bounded by a function of q and c.
We will now extend the above result in the following way.
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〈CG (a),CG(b)〉 has a nilpotent subgroup of class at most c and index at most k for any a,b ∈ A# . Then G has
a normal nilpotent subgroup whose class and index are both bounded in terms of q, c and k alone.
Proof. Let A1, A2, . . . , Aq+1 be the maximal subgroups of A. So, combining Lemma 2.8 with
Lemma 2.1(1), we deduce that in the quotient G/F (G) the image of the subgroup 〈CG(Ai),CG(A j)〉
has {k,q}-bounded order for all 1  i, j  q + 1. It follows from Lemma 2.3 that G/F (G) has {k,q}-
bounded order. Thus it is suﬃcient to prove the lemma under the hypothesis that G is nilpotent.
Choose a ∈ A#. For any A-invariant subgroup H of G and b ∈ A# we deﬁne the parameter jb(H) to
be the least positive integer j such that 〈CH (a),CH (b)〉 has a normal subgroup of class at most c
and index at most j. We set λ(H) =∑b∈A# jb(H). It is clear that λ(G) is {k,q}-bounded. The lemma
will be proved by induction on λ(G). The case λ(G) = q2 − 1 (the smallest possible value for λ(G)—it
occurs if and only if 〈CG(a),CG (b)〉 is nilpotent of class c for any a,b ∈ A#) being immediate from
Theorem 2.10. Assume by induction that if H is any A-invariant subgroup of G with the property that
λ(H)  λ(G), then H has a normal nilpotent subgroup whose class and index are both bounded in
terms of q, c and k alone. Let f = f (c,q) be the function depending only on q and c that bounds
the class of the group in Theorem 2.10. Denote by R the ( f + 2)th term of the lower central series
of G . Suppose λ(R) = λ(G). Using Lemma 2.4 it is fairly easy to check that in this case the subgroup
〈CG/R(a),CG/R(b)〉 is nilpotent of class c for any a,b ∈ A#. Now Theorem 2.10 tell us that G/R has
class at most f . Since R = γ f+2(G), we are forced to conclude that R = 1 and we are done.
Assume now that λ(R) λ(G). Then, by the induction hypothesis, R has a normal nilpotent sub-
group whose class and index are both bounded in terms of q, c and k alone. It follows that the derived
length of G is {c,k,q}-bounded. Now the theorem is straightforward from Lemma 2.9. 
3. Some Lie-theoretic machinery
Let L be a Lie algebra over a ﬁeld k. Let k,n be positive integers and let x1, x2, . . . , xk, x, y be
elements of L. We deﬁne inductively
[x1] = x1; [x1, x2, . . . , xk] =
[[x1, x2, . . . , xk−1], xk
]
and
[x, 0 y] = x; [x, n y] =
[[x,n−1 y], y
]
.
An element a ∈ L is called ad-nilpotent if there exists a positive integer n such that [x, na] = 0 for all
x ∈ L. If n is the least integer with the above property then we say that a is ad-nilpotent of index n.
Let X ⊆ L be any subset of L. By a commutator in elements of X we mean any element of L that
can be obtained as a Lie product of elements of X with some system of brackets. Denote by F the
free Lie algebra over k on countably many free generators x1, x2, . . . . Let f = f (x1, x2, . . . , xn) be a
non-zero element of F . The algebra L is said to satisfy the identity f ≡ 0 if f (a1,a2, . . . ,an) = 0 for
any a1,a2, . . . ,an ∈ L. In this case we say that L is PI. A deep result of Zelmanov says that if a Lie
algebra L is PI and is generated by ﬁnitely many elements all commutators in which are ad-nilpotent,
then L is nilpotent [21, III(0.4)]. Using this and some routine universal arguments, the next theorem
can be deduced (see [8]).
Theorem 3.1. Let L be a Lie algebra over a ﬁeld k generated by a1,a2, . . . ,am. Assume that L satisﬁes an
identity f ≡ 0 and that each commutator in the generators a1,a2, . . . ,am is ad-nilpotent of index at most n.
Then L is nilpotent of { f ,n,m, k}-bounded class.
An important criterion for a Lie algebra to be PI is the following theorem.
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A acts on L by automorphisms in such a manner that CL(A), the subalgebra formed by ﬁxed elements, is PI.
Assume further that the characteristic of k is either 0 or prime to the order of A. Then L is PI.
This theorem was proved by Bahturin and Zaicev for soluble groups A [1] and extended by
Linchenko to the general case [10].
Corollary 3.3. (See [14].) Let F the free Lie algebra of countable rank over k. Denote by F ∗ the set of non-zero
elements of F . For any ﬁnite group A there exists a mapping
φ : F ∗ → F ∗
such that if L and A are as in Theorem 3.2, and if CL(A) satisﬁes an identity f ≡ 0, then L satisﬁes the identity
φ( f ) ≡ 0.
The following lemma is quite helpful.
Lemma 3.4. (See [8].) Suppose that L is a Lie algebra, K a subalgebra of L generated by r elements h1, . . . ,hr
such that all commutators in the hi are ad-nilpotent in L of index t. If K is nilpotent of class c, then for some
{r, t, c}-bounded number u we have [L, K , . . . , K︸ ︷︷ ︸
u
] = 0.
We now turn to groups. Throughout the rest of the section p will denote an arbitrary but ﬁxed
prime. Let G be any group. A series of subgroups
G = G1  G2  · · · (∗)
is called an Np-series if [Gi,G j] Gi+ j and Gpi  Gpi for all i, j. To any Np-series (∗) of a group G
one can associate a Lie algebra L∗(G) over Fp , the ﬁeld with p elements. Let us brieﬂy describe the
construction.
Given an Np-series (∗), let us view the quotients L∗i = Gi/Gi+1 as linear spaces over Fp , and let
L∗(G) be the direct sum of these spaces. Commutation in G induces a binary operation [, ] in L. For
homogeneous elements xGi+1 ∈ L∗i , yG j+1 ∈ L∗j the operation is deﬁned by
[xGi+1, yG j+1] = [x, y]Gi+ j+1 ∈ L∗i+ j,
and extended to arbitrary elements of L∗(G) by linearity. It is easy to check that the operation is well
deﬁned and that L∗(G) with the operations + and [,] is a Lie algebra over Fp .
We are now concerned with the relationship between G and L∗(G). For any x ∈ Gi/Gi+1 let x∗
denote the element xGi+1 of L∗(G).
Proposition 3.5. (See Lazard [9].) For any x ∈ G we have (ad x∗)p = ad(xp)∗ . Consequently, if x is of ﬁnite
order t then x∗ is ad-nilpotent of index at most t.
Let Fr denote the free group on free generators x1, x2, . . ., and choose a non-trivial element w =
w(x1, x2, . . . , xs) ∈ Fr. We say that a group G satisﬁes the identity w ≡ 1 if w(g1, g2, . . . , gs) = 1 for
any g1, g2, . . . , gs ∈ G . The following proposition can be deduced from the proof of Theorem 1 in the
paper of Wilson and Zelmanov [20].
Proposition 3.6. Let G be a group satisfying a group identity w ≡ 1. Then there exists a non-zero multilinear
Lie polynomial f over Fp depending only on p and w such that for any Np-series (∗) of G the algebra L∗(G)
satisﬁes the identity f ≡ 0.
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for any p and w , but we do not require this.
In general a group G has many Np-series. The series described below is particularly important. To
simplify the notation we write γi for γi(G). Set Di = Di(G) =∏ jpki γ p
k
j . The subgroups Di form an
Np-series G = D1  D2  . . . in the group G . This is known as the Jennings–Lazard–Zassenhaus series.
Let DL(G) =⊕ Li be the Lie algebra over Fp corresponding to the Jennings–Lazard–Zassenhaus
series of G . Here Li = Di/Di+1. Let Lp(G) = 〈L1〉 be the subalgebra of DL(G) generated by L1. The
following result was obtained in Riley [13].
Lemma 3.7. Suppose that G is a d-generator ﬁnite p-group such that the Lie algebra Lp(G) is nilpotent of
class c. Then the rank of G is {p, c,d}-bounded.
Recall that the rank of a ﬁnite group G is the least integer r such that any subgroup of G can be
generated by at most r elements.
Given a subgroup H of the group G , we denote by L(G, H) the linear span in DL(G) of all ho-
mogeneous elements of the form hD j+1 where h ∈ D j ∩ H . Clearly, L(G, H) is always a subalgebra of
DL(G). Moreover, it is isomorphic with the Lie algebra associated with H using the Np-series of H
formed by H j = D j ∩ H . Set Lp(G, H) = Lp(G) ∩ L(G, H). Let α be any automorphism of the group G .
Then α acts naturally on every quotient of the Jennings–Lazard–Zassenhaus series of G . This action
induces an automorphism of the Lie algebra DL(G). So when convenient we will consider α as an
automorphism of DL(G) (or of Lp(G)). Lemma 2.1 implies that if G is ﬁnite and (|G|, |α|) = 1 then
Lp(G,CG (α)) = CLp(G)(α).
Lemma 3.8. (See [17].) Suppose that any Lie commutator in homogeneous elements x1, . . . , xr of DL(G) is ad-
nilpotent of index at most t. Let K = 〈x1, . . . , xr〉 and assume that K  L(G, H) for some subgroup H of G sat-
isfying a group identity w ≡ 1. Then for some {r, t,w, p}-bounded number u we have [DL(G), K , . . . , K︸ ︷︷ ︸
u
] = 0.
4. Proofs of main results
Proposition 4.1. Let p and q be distinct primes. Let A be an elementary abelian group of order q2 acting on a
ﬁnite m-generated p-group G. Assume that 〈CG (a),CG(b)〉 is an extension of a nilpotent subgroup of class at
most c by a group of exponent e for any a,b ∈ A# . Then the rank of G is {c, e,m,q}-bounded.
Proof. First of all we note that if p > e, then the subgroup 〈CG (a),CG (b)〉 is necessarily nilpotent of
{c,q}-bounded class for any a,b ∈ A#, in which case the result follows from Theorem 2.10. So we as-
sume that p  e and e is a p-power. Set D j = D j(G), L = Lp(G), L j = L∩ (D j/D j+1), so that L =⊕ L j .
We can view A as a group acting on L. Let A1, A2, . . . , Aq+1 be the distinct maximal subgroups of A
and for any i, j set Li j = CL j (Ai). Then, by Lemma 2.2, for any j we have
L j =
∑
1iq+1
Li j .
By Lemma 2.1(1) for any l ∈ Li j there exists x ∈ D j ∩ CG (Ai) such that l = xD j+1. We know that for
any k = 1, . . . ,q+ 1 the subgroup 〈CG(Ai),CG (Ak)〉 is an extension of a nilpotent subgroup of class at
most c by a group of exponent dividing e. Therefore
[
CG(Ak), x
e, . . . , xe︸ ︷︷ ︸
]= 1.c
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the element that corresponds to xe is nilpotent of index at most c. Combining this with Lazard’s
Lemma 3.5 yields
any element in Li j is ad-nilpotent of index at most ce. (∗)
Let ω be a primitive qth root of unity, end let L = L ⊗ Fp[ω]. If we show that L is nilpotent of
{c, e,q}-bounded class, this will imply the same nilpotency result for L.
It is natural to identify L with the Fp-subalgebra L ⊗ 1 of L. We note that if an element x ∈ L is
ad-nilpotent of index n, say, then the “same” element x⊗ 1 is ad-nilpotent in L of the same index n.
Put L j = L j ⊗ Fp[ω]; then L = 〈L1〉, since L = 〈L1〉, and L is the direct sum of the homogeneous
components L j . Since the Fp-space L1 is m-dimensional, so is the Fp[ω]-space L1.
The group A acts naturally on L, and we have Li j = CL j (Ai), where Li j = Li j ⊗ Fp[ω]. Let us show
that
any element y ∈ Li j is ad-nilpotent of {q,n}-bounded index. (∗∗)
Since y ∈ Li j = Li j ⊗ Fp[ω], we can write
y = x0 + ωx1 + ω2x2 + · · · + ωq−2xq−2
for some x0, x1, . . . , xq−2 ∈ Li j , which are all ad-nilpotent of index at most ce by (∗). Set H =
〈x0,ωx1,ω2x2, . . . ,ωq−2xq−2〉 and notice that H ⊆ CL(Ai), since x0, x1, . . . , xq−2 ∈ CL(Ai). A commu-
tator of weight k in the ωsxs has the form ωt x for some x ∈ Lil , where l = kj. By (∗) such an x is
ad-nilpotent of index at most ce and hence so is ωt x.
Combining Proposition 3.6 and the fact Lp(G,CG (Ai)) = CLp(G)(Ai), we conclude that CL(Ai) sat-
isﬁes a multilinear polynomial identity of a {c, e}-bounded degree. This identity, being multilinear, is
also satisﬁed in CL(Ai) = CL(Ai) ⊗ Fp[ω]. We already observed that H ⊆ CL(Ai), whence the iden-
tity is satisﬁed in H . Theorem 3.1 now tells us that H is nilpotent of a {q, c, e}-bounded class.
Because of Lemma 3.4 it follows that [L, H, . . . , H︸ ︷︷ ︸
v
] = 0 for some {q, c, e}-bounded number v . This
establishes (∗∗).
Since A is abelian, and the ground ﬁeld is now a splitting ﬁeld for A, every L j decomposes as
a direct sum of common eigenspaces for transformations in A. In particular, L1 is spanned by com-
mon eigenvectors for A, and it requires at most m of them to span L1. Hence L is generated by m
common eigenvectors for A from L1. Every common eigenspace is contained in the centralizer CL(Ai)
for some 1  i  q + 1, since A acts on it as a cyclic group. Note that any commutator in common
eigenvectors is again a common eigenvector. Therefore if l1, . . . , lm ∈ L1 are common eigenvectors for
A generating L, then any commutator in these generators belongs to some Li j and hence, by (∗∗), is
ad-nilpotent of a {q, c, e}-bounded index.
We already know that some polynomial identity f ≡ 0 is satisﬁed in CL(Ai) = CL(Ai) ⊗ Fp[ω]. So
by Corollary 3.3, L satisﬁes some identity φ( f ) ≡ 0 which depends only on c, e and q. Theorem 3.1
now shows that L (hence L) is nilpotent of a {q, c, e}-bounded class. In view of Riley’s Lemma 3.7 the
theorem follows. 
Now we are in a position to prove Theorem 1.1.
Proof of Theorem 1.1. In accordance with Theorem of Burns, Macedonska and Medvedev there exist
n-bounded numbers c and e such that for any a,b ∈ A# the subgroup 〈CG (a),CG(b)〉 is an extension
of a nilpotent group of class at most c by a group of exponent dividing e. By Lemma 2.8 we conclude
that the exponent  of the quotient G/F (G) is {e,q}-bounded. Let {p1, . . . , pt} be the set of prime
divisors of |F (G)|, and let us assume that p1, . . . , pr divide e while pr+1, . . . , pt do not. Let Si denote
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subgroup 〈CS (a),CS (b)〉 is nilpotent of class at most c. So Theorem 2.10 tells us that S is nilpotent of
{c,q}-bounded class.
Let g,h be arbitrary elements either in Si , for some i  r, or in S . Let H be the minimal A-invariant
subgroup of G containing g and h. Obviously H has at most 2q2 generators. Using Proposition 4.1 and
the fact that S is of {c,q}-bounded nilpotency class, yields that the rank of H is {n,q}-bounded. Now,
for any a,b ∈ A# the subgroup 〈CH (a),CH (b)〉 is a extension of a nilpotent group of class at most c
by a group of exponent dividing e and, at the same time, 〈CH (a),CH (b)〉 has an {n,q}-bounded rank.
It follows that 〈CH (a),CH (b)〉 has a subgroup of class at most c and of index bounded in terms of n
and q alone. Applying Theorem 2.11 shows that H has a subgroup of {n,q}-bounded nilpotency class
and of {n,q}-bounded index. The upper bound for the latter will be denoted by k.
Now let x, y be arbitrary elements of G . We have just shown that any Sylow subgroup of 〈xk, yk〉
has {n,q}-bounded nilpotency class, so this also holds for 〈xk, yk〉 (recall that  is the exponent of
the quotient G/F (G) and this is {n,q}-bounded). Let v be the maximum of the classes o subgroups
〈xk , yk〉, where x, y range through G . Then G satisﬁes the Malcev law on two variables Mv(xk, yk)
whose degree is {n,q}-bounded. The proof is complete. 
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